In this note we show that the maximum number of vertices in any polyhedron P = {x ∈ R d : Ax ≤ b} with 0, 1-constraint matrix A and a real vector b is at most d!.
Introduction
Let A ∈ {0, 1} m×d be a 0, 1-matrix and b ∈ R m be a given real vector. Consider the polyhedron P = P (A, b) = {x ∈ R d : Ax ≤ b}. Denote by EXT (P ) the set of vertices of the polyhedron P . The purpose of this short note is to show the following upper bound on the size of EXT (P ).
Theorem 1
For any A ∈ {0, 1} m×d and any b ∈ R m , the number vertices of the polyhedron P = {x ∈ R d : Ax ≤ b} is at most d!.
The bound of Theorem 1 is tight: consider the polyhedron:
i.e. the polyhedron with all permutation of [d] as vertices (known as Permutahedron) and the negative of the unit vectors as extreme directions. Then P has d! vertices and it is known [3] that P can have the following linear description with a 0, 1-constraint matrix A: In the next section we give a few preliminaries that will be needed to prove the Theorem 1. In Section 3, we give the proof of the theorem.
Preliminaries
First, we may assume without loss of generality, by translating P = P (A, b) if necessary, that the vector b is strictly positive. To deal with the fact that P is unbounded, we definê
where for X ⊆ R d , we denote by int(P ) the interior of P . We need the following simple facts, which are well-known and also are not difficult to prove. Given a polytope Q which contains 0 as an interior point, the polar polytope Q • is defined as
see e.g. [2] . It is known that Q • also contains 0 as an interior point, and that the vertices and facets of Q are in one-to-one correspondence with the facets and vertices of Q • , respectively.
Proof of Theorem 1
Consider (P ) • , the polar of the polytopeP defined by adding a bounding inequality to the polyhedron P = P (A, b) as above. Form polarity, it follows that if (conv{0, a j 1 , . . . , a js }) = ∅.
By Observation 3, we have that the volume Vol d (S(a i 1 , . . . , a ir )}) of the polytope S(a i 1 , . . . , a ir ) = conv{0, a i 1 , . . . , a ir ) arising by "stretching" the vertices of a face F = conv{
Since all such polytopes S(a i 1 , . . . , a ir ) lie completely inside the ddimensional hypercube, whose volume is 1, we conclude that there number, which is equal to the number of facets ofP • is at most d!. This finishes the proof.
It can be easily seen that the above proof can be extended to matrices A ∈ {−K, . . . , −1, 0, 1, . . . , K} m×d , in which case the corresponding upper-bound on the number of vertices will be (2K + 1) d d!. In particular, if the number of bits to represent a given integer constraint matrix is L, then the number of vertices of the polyhedron described by A is at most
